Our Theorem shows that the optimal generating a U ∈ SU (d n ) is to find the shortest geodesic curve linking I and U . Three-qudit systems are presented as an example. The right invariant Riemannian metric in equation (14) becomes a more general one 13 , ⟨H,Ĥ⟩ = 2
general one
13 , ⟨H,Ĥ⟩ = 2
trHG(Ĥ) where G(Ĥ) = sS(Ĥ)+T (Ĥ)+ √ pQ(Ĥ).
p is the penalty parameter and s is the parameter for free one-body Hamiltonians when it is very small. S projects three-qudit Hamiltonian to one-body items, T to two-body items, and Q to three body items. According to Gell-Mann matrices
Set L(t) = G(H(t)), S(t) = S(L(t)), T (t) = T (L(t)) and Q(t) = Q(L(t)).
From
with S(0) = S 0 , T (0) = T 0 and Q(0) = Q 0 . They have the solutions
Here, 
The corresponding solutionÛ (t) of its Schrödinger equation satisfies
as an approximate solution to the geodesic equation. In general S 0 +Q 0 is expected to be much lager than T 0 , and S 0 + Q 0 is nondegenerate, henceÛ (t) can be simplified at the first-order perturbation
where R S 0 +Q 0 (T 0 ) denotes the diagonal matrix by removing all off-diagonal components of T 0 in the eigenbasis of S 0 + Q 0 . Hence it is possible to synthesize a unitaryÛ with error ∥U (t) −Û (t)∥ ≤ ε for any small constant ε. In physics the local unitary operations may be omitted in terms of cost. Thus s = 0 and S 0 in the second exponential ofÛ (t) is neglected 13,14 , i.e.,
